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ABSTRACT. In this paper, we study matrix-valued Hahn—-Sturm—Liouville
equations. We give an existence and uniqueness result. We introduce the
corresponding maximal and minimal operators for this system, and some
properties of these operators are investigated. Finally, we characterize ex-
tensions (maximal dissipative, maximal accumulative and self-adjoint) of the
minimal symmetric operator.

1. Introduction. Asis known, extension theory of symmetric operators is
one of the main research areas of operator theory. This theory was studied
earlier [33]. In [17], the description of self-adjoint extensions of a symmetric
operator was given. Rofe-Beketov [31] obtained extensions of a symmetric
operator with aid of linear relations. Later, in [16,24], the notion of a space
of boundary values was introduced. In [26], a description of extensions of
a second-order symmetric operator was given. In [19], the author obtained
a description of self-adjoint extensions of Sturm—Liouville operators with an
operator potential. In the case when the deficiency indices take indetermi-
nate values, a description of extensions of differential operators was given
in [1,28-30]. The readers may find some papers related to extension theory
in [20,24, 35].

Matrix-valued Sturm—Liouville equations arise in a variety of physical
problems (for example, see [5,10-15,18,34]). While there are several results
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about matrix-valued Sturm-Liouville equations, to the best knowledge of
the authors of this paper, there is no study on matrix-valued Hahn—Sturm-—
Liouville operators in the literature. So, in this study, we discuss matrix-
valued Hahn—Sturm-Liouville operators. In the analysis that follows, we
will largely follow the development of the theory in [1,5,8,21,25,27,32,35]

This paper is organized as follows. In Section 2, an existence and unique-
ness theorem is given. Later, the corresponding maximal and minimal oper-
ators for the matrix-valued Hahn—Sturm—Liouville equation are constructed
and some properties of these operators are investigated. In Section 3, max-
imal dissipative, maximal accumulative and self-adjoint extensions of the
minimal operator are studied.

Now, we recall some necessary concepts of the Hahn calculus. For more
details, the reader may want to consult [2—4,6,7,22,23].

Throughout the paper, we let w > 0 and ¢ € (0,1). Let I be a real

w

interval containing wg, where wg := =

Definition 1 ([22,23]). Let u : I — R be a function. If u is differentiable
at wo, then the Hahn difference operator D, 4 is given by the formula

[w+ (¢ — D] u(w + gx) —u(z)], z # wo,
ul(w())v T = Wp.

D, qu(x) = {

Theorem 2 ([6]). Let u,v: I — R be w, g-differentiable at x € I. Then we
have

i) Dy q(au+bv)(z) = aD, qu(x) + bD, qv(z), a,b e I,

Diug(u(@))o(z) — u(@) Do go(e)
v(@)o(w + xq)

il) Dy g(u/v)(x) =

ili) Dy q(uv)(z) = (Dyqu(x))v(z) + u(w + xq) D, qu(x),
iv) Dy qu(h ' (z)) = D_yp-1 4-1u(2),
where h(x) :=w+qz, h () = ¢z —w), and z € I.

Definition 3 ([6]). Let v : I — R be a function and a,b,wy € I. The
w, g-integral of u is given by

b b a
/ uw(z)dy g ::/ u(z)dy g —/ u(z)dy 4,
a wo wo

n

’ = n l—¢q n
/w u(z)dy g = ((1—q)x—w)2q u(wl_q +xq >, xel

0 n=0

where

provided that the series converges.
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2. The matrix-valued Hahn—Sturm—Liouville problem. Consider
the matrix-valued Hahn—Sturm-Liouville equation defined as

S x 2(x x)z(x
(1) ll(z) = ql)—wqfl,q*1 [P( )Dw,q ( )] + Ql( ) ( )
= \Vi(z)z(x), = € [wo,al,

where P, V1 and Q1 are n x n complex Hermitian matrix-valued functions
defined and continuous on [wg, h~1(a)], det P(x) # 0, P~!(x) is continuous
on [wo, h~t(a)], Vi(z) is positive, and X is a complex parameter.

Let

Z(z) = ( P(x)%f,)qZ(w) ) ’

e Dy, q2(x)
2he) = ( iD—wg1.4-1 (P(2) D gz(x)) ) 7

ve= (o) 6) o= (T8 )

Then we can transform Eq. (1) into the following Hahn—Hamiltonian system

(2) I(2):= JZ () = W(x)Z(x) = A\V(x)Z(x), x € [wo,al,

where
O, —-I,
/= < L, O, > !
and I,, (Oy) is the identity (zero) matrix on C".

Let
By lenai B = {2 [
wo

be the Hilbert space of vector-valued functions Z,) with the inner product

(2,9) = / (VZ, V) pdo g

0

a

(VZ,Z2)pdyqx < oo}

= [ Y @V@)2@)do e,

wo

where E := C?" is the 2n-dimensional Euclidean space, and * indicates the
complex conjugate transpose.
Let

Cfuq [(wo,a); E] ={Z : z and P(z)D, 4% are continuous at wp} .

It is evident that C2 , [(wo,a); E] C Liqy [(wo,a); E].

Theorem 4. For K € C?", Eq. (2) with the initial condition
(3) Zwo,\) =K (A eC)

has a unique solution in C’g’q[(wo,a); E].
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Proof. From (2), we see that

(@) Z@A%:K—q/mJDVM@%M+MKM0AHZ@&LM@WL

wo
where z € [wy, al.

Define the sequence {Z;};°, of successive approximations by

Zg(l‘, )\) = K,
(5) Zigi(x,\) =K — q/x JAV (h(t), \) + W (h(t), N)]Zi(h(t), N)dw 4t,

wo

where ¢ =0,1,2,... and = € [wo, a].
Now, we prove that {Z;}:°, converges uniformly on each compact subset
of [wg, a]. There exist positive numbers s(\) and g(\) such that

[JAV (h(z), ) + W(h(z), Ml g < (N),
[Z21(z, Ml g < o(N),
where x € [wy, a]. Using mathematical induction, we get

i) (o(N)(z — wo)(1 — q))"
(¢:9)i

[Zi1(z, A) = Zi(2, M| p < C=(N)q

)

where ¢ € N, C' > 0 and

i—1

(@)= [T (1-d"*).

k=0

The Weierstrass M-test now shows that the sequence {Z;}:2, converges to
a function Z uniformly on each compact subset of [wp,a]. One can prove
that z and D, 42 are continuous at wp. It is obvious that the function Z
satisfies (3).

We proceed to show that (2) has a unique solution. Suppose that ) is
another solution of (2). Proceeding as above, we conclude that

) (o) (z — wo)(1 — q))"

1Z(z,A) = V(2 \)||p < Crre(N)g (@)

I

where i € N, C7 > 0. Then we obtain
it (o(N)(z —wo)(1 —q))" 0

lim ¢~ 2 =
i—00 (45 9)i

We thus get Z =Y on [wp, a. O

Now, we will introduce the definition of maximal and minimal operators
for Eq. (2).
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Denote

Z is continuous at wy,
JZM(z) = W(2)Z(x) = VF
exists in |wg, a], and

Fel? ,[(wo,a);FE]

Dmax : =4 Z € LZ),q,V [(wo,a); E]

w,q,V
and
(6) Dunin = { 2 € Dy : Z(w0) = Z(a) =0},
where

The minimal operator T, is defined by
Tin * Dmin — LZ)’%V[(WQ, CL); E]a
Z 3 TonZ =F

if and only if I(Z) = V'F for all Z € Dy,in. The maximal operator T is
defined by

Tmax : Dmax — L;V[(WOa CL); E],
Z = ThaxZ = F

if and only if I(Z) = V' F for all for all Z € Dpux.
The Green formula is given by the next theorem.

Theorem 5. LetU,Y € Dmax. Then we have
t *
/ [y*(x)ﬂ/l[h] (z) — {Jy[hl (:c)} U(m)} doy g

= V*()JU(t) = V" (wo) JU (wo),
where t € (wo, al.
Proof.
/t [y*(x)Ju[h](x) — {Jy[h](x)}*l/{(x)} du g

0

_ / <P<m>%f,)qy<x>>*<?§ BI)

R [ ( ;D_waqufj(q]g((i))Dw,qu(x)) >dw,qx*
] (G e )
(D) (e ) s
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_ / [y*(z){;qu-l,q-l (P(2) wqu<x>>} ] s
’ + (P(2) Duygy ()" Duqu() !
)

1waqfl,q*1 (P(l‘) wqy(x

+ (Dugy(2))” P(x) Doy gu(z
u(z

[ PPy (@) ) |,
D“"’{ —y*(2) (PDy,qu) (h(z)) }d“’q
)

— Y*(6)JU(t) — V* (wo) TU(wo).

wo

Then by Theorem 5, the following theorem is obtained.
Theorem 6. For all U,Y € Dpnax we have
(7) (Toaxths ¥) = (U, TnaxY) = U V), — UV,
where [U, Y], = V() JU(z), z € [wo, a).
Lemma 7. The minimal operator Ty, ts Hermitian.

Proof. For U,) € Dmuin, there exist F,G € L;V[(wo,a);E] such that
I(U) =VF and [(Y) = VG. Tt follows from (6) and (7) that

(Tminuyy) - (uaTminy) - (F;y) - (Z/[,G)
_ / CDOVE = GOVUE) du gt

(0]

- / ’ [V O)IU) — L) U] d gt

0

= [U,y]a—[u,y]w() =

A proof of the following lemma is similar to that of Lemma 7.
Lemma 8. For all U € Dy and for all Y € Dynax, we have the relation
(Tminua y) — (u7 Tmaxy) .

Lemma 9. Let N(T') and R(T) denote the null space and the range of an
operator T, respectively. Then we have

R (Tmin) =N (Tmax)J_ .
Proof. Given any £ € R (Tinin), there exists U € Dypin such that Tiinld = £.
From Lemma 8, it follows that
(fay) = (Tminu y) = (u Tmaxy) = O

for each Y € N (Tinax). Thus € € N ( max) For any given £ € N (T, max)L
and for all Y € N (Tnax) , we have (£,)) = 0.
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Consider the problem:
(8) JZM(2) = W () 2(x) = V(2)é(x), Z(wo) =0,

where © € [wp,a]. According to Theorem 4, (8) has a unique solution on
[wo,al. Let ¥(x) = (¢1,v2,...,1%2,) be the fundamental solution of the
System

T2V (2) — W(2)2(x) = 0, ¥(a) = J,

where = € [wp,a]. It follows easily that ¥ € N (Thax) for 1 < k < 2n.
Therefore for 1 < k < 2n,

0= (€ ow) = | LOV@EDdugt = [ LOIE)E)du gt
GO Ot~ [ 1) (02Ot

= (2.9, — (2., = [Z.0], = ¥ (@)T2(a),
by Theorem 6. This gives U*(a)JZ(a) = Z(a) =0, i.e., £ € R (Tin). O

Theorem 10. The operator T, is a densely defined and symmetric op-
erator. Furthermore T . = Tmax, where T, denotes the adjoint operator

Of Tmin .

Proof. Assume that £ € Drﬁin. Then, for all Y € Dpin, we have (£,)) = 0.
Write ThinY(x) = ¢(x). We will denote by U(x) any solution of the Hahn—
Hamiltonian system

JUl(z) = W (@)(2) = V(2)& (@),
where = € |wp, a]. Theorem 6 now yields

@9~ (€
OV wqt—/ VOV (BE(H) oot

wo

i L) (U)o, gt — y*(t)l(u )(t)du gt

wo wo

= _[uwy]a—’_ [L{,y]wo =

Therefore U € 7?,( mm)L = N (Tiax) by Lemma 9. From this, it follows
that £ = 0, i.e.,, DX = {0}. According to Lemma 7, Ty, is a symmetric
operator.

Let Df . be the domain of T%. . Our next goal is to we prove that D*. =

min min* min

Drax, and T, U = Tiaxd for all i € D}, . From Lemma 8, for any given

min

U € Drax, we have (u Tmlny) (Tmaxu y) ( mm?y) for all YV € Duin.
Then U € D, . i.e., Dypax C D,

min? min*
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Let U € D;;,. Then we have U, ¢ € Lg,v [(wo,a); E], where ¢ :=T%. U.
Suppose that ® is a solution of the system
(9) T (z) — W (@)@ (2) = V(2)g(a).
By Lemma 8, it follows that
(6,Y) = (Tax®, V) = (@, TminY) -
Hence
U~ P, TwinY) = U, TininY) — (©, Tinin)
= (Toinlh, V) — (9,Y) =0,
ie., U —® € R (Tiin)". From Lemma 9, we obtain U — ® € N (Thnax).
From (9), it may be concluded that

JUuM () — W (2)U(z) = Tl (z) — W (2)®(2)

= V(z)p(x),
where = € [wg,a]. As U, ¢ € L;V[(wo,a);E], we see that U € Dpax and
Tmax = ¢ =T, U. This completes the proof. O

3. Extensions of the symmetric operator. In this section, we intro-
duce the maximal dissipative, maximal accumulative and self-adjoint exten-
sions of the symmetric operator Tiiy.

We begin this section with the following definition (see [16,21,24]).

Definition 11. Let H be a Hilbert space; let II; and Il be linear mappings
of D (B*) into H, where B is a closed symmetric operator acting in a Hilbert
space ‘H with equal (finite or infinite) deficiency indices. Then the triplet
(H, I1;,IIy) is called a space of boundary values of the operator B if
1. (B*h, g)'r'-[_ (h, B*Q)H = (th, Hgg)H— (th, ng)H ,Vh,g € D((B*),
and
2. for every G1,Go € H, there exists a vector g € D(B*) such that
ng = Gl and Hgg = G2.

Let
Hl,Hg : Dmax —-C"o (Cn,
where
a0 mu= (710 ) ma= (B )
and
u(x)
Z/[(.’L') - < P(q;)waq_l’un(h(x)) ) ’

U € Diax-

Theorem 12. The triplet (C™ @& C",111,113) defined by (10) is a space of
boundary values of the symmetric operator Tin.



On extensions of matrix-valued Hahn—Sturm-Liouville operators 9

Proof. From (10) and (7), we see that
(LU, 1Y) crgcn — (U, 1L Y)cnecn
= (W) (PD g 14 19)(@0)) g+ (@), P (@)D g1 4 19(a)) g,
 ((PD_g1.410)(60),5(60)) o = (P @)D g1 g-11(a), y()) .
= [, Y(a) = U, V](wo) = (Tomaxl, V) = U, Tiaxd),

where U, Y € Dyax-
Our next goal is to show the second assumption of the definition of space
of boundary values. Let

(M (T4 n n
A_<A2>’F_(F2>€C o C".

We construct the vector-valued function
’UJ(.%) = 011(33) o A1 + 042(33‘) o Fl + 51(.%) o A2 + BQ(ZE) o FQ,

where o is a symbol of the Hadamard product of vectors and the vector-
valued functions a;(z), Bi(x), D_q-1 g-10:(x), D_yg-1 4-16i(x) € R™ (i =
1,2) are defined on [wp,h~!(a)] and continuous at wg which satisfies the
conditions:

a1j (wo) = =1, ai(a) =0, D_,4-1 101 (wo) =0, D_y-14-101(a) =0,
s (wo) =0, az(a) =0, (PD_y,4-1 4102)j (wo) =1, D_y-1 4-100(a) =0,
B1(wo) =0, Brj(a) =1, D_ 414151 (wo , D_ g1, 4-1P1(a) =0,

B2 (wo) =0, B2(a) =0, D_,4-1 4152 (wo :

P(h 1 (a))(D_yg-1.4-182)j(a) =1 (j=1,2,...,n).

Then we have

_ u(z) _ u(z)
U(x) = < P(x)D_,4-1 g1u(h(z)) ) B ( P(z)D, qu(x) > ’
U € Dpax and 111t = A, IIbld = I'. This completes the proof. O

)=0
)=0

Now, we give the following definition.

Definition 13 ([21]). Let £ be a linear operator with dense domain D(L)
acting on some Hilbert space H. The operator L is called dissipative if

Im(Lf, f) >0

for all f € D(L) and is called mazimal dissipative if it does not have a proper
dissipative extension. Similarly, the operator L is called accumulative if

Im(Lf, f) <0

for all f € D(L) and is called mazimal accumulative if it does not have a
proper accumulative extension.
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Let
(11) Dlz{yepmax:(M_I)H1y+i(M+I)H2y:0},
(12) Dy ={Y € Diax : (M — DILY — i(M + I)TLLY = 0},

where M is a contraction operator in C™ @ C™.
Then by Theorem 12, the following theorem is obtained [21].

Theorem 14. The restriction of the maximal operator Tyax to the set Dy is
a mazimal dissipative extension of the symmetric operator Tumi,. Conversely,
any maximal dissipative extensions of Tmin is the restriction of Tmax to a set
Dy. Similarly, the restriction of the operator Tmax to the set Do is a mazimal
accumulative extension of the symmetric operator Tmim. Conversely, any
mazximal accumulative extensions of Tmin s the restriction of Tmax to a set
Dsy. Here, the contraction M is uniquely determined by the extension. If
the operator M is unitary, these conditions define a self-adjoint extension
of Tin-
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