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Inequalities and limit theorems
for random allocations

ABSTRACT. Random allocations of balls into boxes are considered. Properties
of the number of boxes containing a fixed number of balls are studied. A mo-
ment inequality is obtained. A merge theorem with Poissonian accompanying
laws is proved. It implies an almost sure limit theorem with a mixture of
Poissonian laws as limiting distribution. Almost sure versions of the central
limit theorem are obtained when the parameters are in the central domain.

1. Introduction. Let n balls be placed successively and independently
into N boxes. Let p,(n, N) denote the number of boxes containing r balls.
There are several theorems concerning the limit laws of p,(n, N) when
the parameters belong to certain domains (see e.g. Weiss [16], Rényi [14],
Békéssy [2], and the monograph Kolchin-Sevast’yanov—Chistyakov [12]). It
is known that if n, N — oo in the central domain, then the limit of the stan-
dardized p,(n, N) is standard normal. In the left-hand and in the right-hand
r-domains the limit of u,(n, V) is Poisson distribution. Strong laws of large
numbers are obtained for y,(n, N) in Chuprunov—Fazekas [5]. Concerning
the generalized allocation scheme see Kolchin [11].
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In this paper the most general result is the inequality in Theorem 2.1.
It gives an upper bound for the Lo-distance of u,(n, N) and its conditional
expectation given the last n — k allocations.

Then asymptotic results are considered. The most interesting case is the
Poisson-type limiting distribution. In that case we do not have one single
limiting distribution. Instead of a limit theorem we can prove a merge
theorem, i.e. we can give a family of accompanying Poissonian laws being
close to the original distributions (Theorem 2.2).

Then we obtain almost sure (a.s.) versions of the limit theorems for
tr(n, N). The general form of the a.s. limit theorem is the following. Let
Y,, n € N be a sequence of random elements defined on the probability
space (2, A,P). A.s. limit theorems state that

1 &
(1.1) F deéYk(w) = U,
" k=1

as n — oo, for almost every w € (2, where ¢, is the unit mass at point x and
= v denotes weak convergence to the probability measure v. In the simplest
form of the a.s. CLT Y}, = (X1 +--- + X3)/Vk, where X1, Xo, ..., are i.i.d.
real random variables with mean 0 and variance 1, dy, = 1/k, D,, = logn,
and v is the standard normal law N(0,1); see Berkes [3] for an overview.
Recently, several papers are devoted to the background, the general forms
and certain special cases of the a.s. limit theorem, see e.g. Berkes-Cséki [4],
Fazekas and Rychlik [8], Matula [13], Hérmann [10], Orzég-Rychlik [15].
The present paper can be considered as an extension of some results in the
paper of Fazekas—-Chuprunov [6], where a.s. limit theorems were obtained
for the number of empty boxes (see also Becker—Kern [1]). In Section 2, we
consider an appropriate representation of y,.(n, N) in terms of independent,
uniformly distributed random variables in order to handle the dependence

structure inside the array p,(n,N), n,N = 1,2,.... As u,(n,N) depends
on two parameters, we consider a.s. limit theorems of the form

1

" (k,K)ET,

as n, N — oo, for almost every w € €2, where T}, denotes a two-dimensional
domain. To prove the above type theorems, we apply a general a.s. limit
theorem, i.e. Theorem 2.1 of Fazekas—Chuprunov [6]. We quote it in The-
orem 4.1. This result is an extension of known general a.s. limit theorems
(see e.g. Fazekas and Rychlik [8]). We remark that multiindex versions
of a.s. limit theorems were obtained in Fazekas-Rychlik [9]. However, as
the weights there are of product type, we can not apply those results for
domains like {(k,7) : a1(k) <i < as(k), k € N}.

In this paper we use the general theorem to obtain Theorems 2.3, 2.4,
2.5, and 2.6. Among them Theorems 2.5, 2.6 concern the central domain
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(i.e. when 0 < a3 < n/N < as < o0) and the limiting distribution is
standard normal. In Theorem 2.4 the parameters can vary in a domain
not included in the central domain but the limiting distribution is again
standard normal. The most interesting case is the Poisson-type limiting
distribution (Theorem 2.3). The limiting distribution in the almost sure
limit theorem (i.e. in Theorem 2.3) will be a mixture of the accompanying
laws in the usual limit theorem (i.e. in Theorem 2.2). In almost sure limit
theory the above situation is well-known (see Fazekas—Chuprunov [7] for
semistable laws, see also Theorems 2.10, 2,11, 2.12 in Fazekas—Chuprunov
[6] for random allocations).

2. Main results.

Random allocations. Let &, §;, j € N, be independent random variables
uniformly distributed on [0, 1]. Let N € N. Consider the subdivision of the
interval [0,1) into the subintervals A; = Ay; = [552, £), 1 <i < N.

We consider the intervals A;, i = 1,..., N, as a row of boxes. Random
variables §;, 7 = 1,2,..., are realizations of {. Each realization of { we
treat as a random allocation of one ball into the N boxes. The event §; €
A; means that the jth ball falls into the ith box. Let n € N, A =

{1,2,...,n}.

(2.1) fir(n, N) :Z Z HI{«SjEAi} H Lie,¢niy

i=1 |A|=r, jEA j€AQD\A
ACA(())

is the number of boxes containing 7 balls and NC’ZL% (1 — %)nir is its ex-

pectation. Here C], = (Zf) is the binomial coefficient and Ip is the indicator
of the event B.

For n, N € N we will use the notation a = § and p,(a) = (a"/r!)e™. It
is known (see Kolchin et al. [12], Ch. 2, Sec. 1, Theorem 1) that the following
limit relations (2.2) and (2.3) hold for any fixed r, ¢ and if n, N — oo such
that & = o(IN). For the expectation we have
(22)  Epp(n, N) = Npe(a) +pr(a) (7 — a/2 — C2/a) + O (1/N)
and for the covariances we have
(2.3) cov(pr(n, N), ug(n, N)) ~ Nop (),
where

orr (@) = pr(a) (1 —pr(@) = pr(a)(a — T)z/a) )
ori(@) = —pr(@)pe(@) (L+ (a — ) — t)/a), if t#£7

We shall use the notation

DY) = /D% (n, N) = v/eov(pr(n, N), p1r (m, V).
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We shall need a lower bound for ]D)f;}v, therefore the following remark will
be useful.

Remark 2.1.

>c >0,

a—T 2
1 _pr(a) _pr(a)(a)

if » > 2 is fixed and « is arbitrary, or if r = 0,1 and o > g > 0.

As in the theory of random allocations the roles of n and N are fixed,
therefore we shall use the following notation for two-dimensional indices:
(n,N), (k, K) € N2.

Let

:U’T(nv N) — ]EMT(T%N)

-
g

be the standardized variable, where (n, N) € N2,

The main inequality. Let n, N, € N, 0 < k < n. Recall that n is
the number of balls, N is the number of boxes. ¢; denotes the jth ball,
A; denotes the ith box. We use the notation A, = {k+1,...,n}, k =
0,1,...,n—1. Let

N 1 1\
G=tn=% % Mheear TT feear-NCig: (1-5) -

i=1 |A]=r, jEA jEA@Q\A
AC4(0)

We see that ¢, = pr(n, N) — Epr(n, N), c.f. (2.1). We have

N
=Y > (ma—Enia),

1:1 |A|:T7
AC4)

where

mia=[[ Leean 11 Teean
jeA JEA@)\A

is the indicator of the event that the ith box contains the balls with indices
in the set A (and it does not contain any other ball). Let F, be the o-
algebra generated by &ii1,...,&. We will use the following conditional
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expectations 771(2) = E(n;a|Fnx) and

G = i = E(Cal Fin) = Z Z <771A - k))
=1 =

(@

N 1 1\ F=(r=1AnAg) )

i=1 [A]=r,
ACA )
1 n—r
< II Tgeay II Tgean - NT< —N) )
jeAﬁA(k> ]EA(k)\A

The following inequality will play an important role in the proofs of our
theorems.

Theorem 2.1. Let 0 <k <n, 0 <r <n and N be fired. Then we have

n+k n—r
(25) E(G— ¢5)? < cha! [(1 . }V) o + (1 - }V)

where ¢ < 0o does not depend on n, N, and k, but can depend on r.

(a+1),

Remark 2.2. In Fazekas—Chuprunov [6] the following inequality was ob-
tained for the number of empty boxes. Let r = 0. Let kK < n and N be
fixed. Then we have

N 1 n—k
(2.6) BG - b <k (1- )
and
k kn
(2.7) E(G— ¢ < 0.

In Chuprunov-Fazekas [6] a fourth moment inequality was obtained for
fir(n, N).

Limit theorems for random allocations for r > 2. First we consider
the Poisson limiting distribution. In that case we do not have one single lim-
iting distribution in the ordinary limit theorem. Instead of a limit theorem
we can prove a merge theorem, i.e. we can give a family of accompanying
laws being close to the original distributions (Theorem 2.2). The limiting
distribution in the almost sure limit theorem (i.e. in Theorem 2.3) will be
a mixture of the accompanying laws.

The following result is a version of Theorem 3 in Section 3, Chapter II
of Kolchin—Sevast’yanov—Chistyakov [12]. In our theorem the novelty is
that we state uniformity with respect to (n, N) in a certain domain, while
[ remains fixed.
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Theorem 2.2. Let r > 2 and l € N be fized. Then, as n, N — oo,
1
S
uniformly with respect to the domain T= {(n,N) : N > nr—1/@r=2) Jog n}.

(2.8) P(ur(n, N) = 1) = 5 (Np;)'e ¥ (1 4 o(1))

Now turn to the a.s. version of Theorem 2.2.

Theorem 2.3. Let r > 2, 0 < A\ < Ay < o0 be fizred. Let T, be the
following domain in N?

k
Th=2(k,K)eN*:k<n, M\ < _ <A p.
K=

Let
Qn(w) = = : > %5 NUYSIOE
L(A2 — A1) logn e, 2-L17#
Then, as n — oo,
Qn(w) = pr

for almost all w € Q, where T is a random variable with distribution

1 A g e\t
2.9 Pr=1)=—— —| — “td 1=0,1,... .
( ) (7- ) )\2_A1/>\1 l'<7“'>e x? P

Now consider the case of the normal limiting distribution.

Theorem B. Let r > 2 be fizred. If n,N — oo, so that Np,(a) — oo, then
s =
N =7

n

Here and in the following v denotes the standard normal law. The proof
of Theorem B can be found in the monograph Kolchin et al. [12], Ch. 2,

Sec. 3, Theorem 4.
Consider an almost sure version of Theorem B.

Theorem 2.4. Let r > 2 be fized, 0 < a1, 0 < 00 and
T, = {(k,K) eN? i k<nak<K < a2k(2r+1)/(2r)}_
Let

1 1
(NF () =
) logn_ | %éT k(log ag — log ay + (1/2r) 1ogk)K55£2<w>'

Then, as n — oo, we have

QU (w) =, for almost every w € Q.
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Almost sure limit theorems for random allocations in the central
domain. If n, N — oo, so that

n
O<a1§N§a2<oo,

where a1 and as are some constants, then it is said that n, N — oo in
a central domain. In a central domain we have the following central limit
theorem.

Theorem A. Let 0 < a1 < ag < oo. Ifn,N — oo, so that « = § €
[a1, ], then Sg\), = 7.

The proof of Theorem A can be found in the monograph Kolchin et al.
[12], Ch. 2, Sec. 2, Theorem 4.

Consider almost sure versions of Theorem A. In the following theorems
the domain is narrower than the one in Theorem 2.4, but they are valid for
arbitrary r > 0.

Theorem 2.5. Let r > 0 be fized, 0 < a1 < as < 00 and

1 1
) () — 1,
Q) (log ap — log 1) logn 2 2 LK SiR ()

k<n {K:a1< £ <as}
Then, as n — oo, we have

Q") (w) =7, for almost every w € .

n

In the above theorem the limit was considered for n — oo (and the indices
of the summands were in a fixed central domain). The following theorem is
a two-index limit theorem, i.e. n — oo and N — oco. The relation of n and
N could be arbitrary, however, as the indices of the summands are in a fixed
central domain, we assume that (n, V) is in the central domain considered.

Theorem 2.6. Let r > 0 be fized, 0 < a3 < ag < 00 and

() () — [ L
@nv(w) = (log g — log ag) log n Z Z k 551?}3(“’) '

k<n {K:K<N,o1<£<as}

Then, as n, N — 0o, so that a; < 7 < ag, we have
QSR{((U) =, for almost every w € (.

3. Proof of Theorem 2.1. Since En;4 = Engfl) and

(k) (k)

E(niy 4, — 10h,) (isas — 150 = By ay - mipa0) — By - 0io)),

iy " Min Ay
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for any A1, Ao, we have
2

N
EG -2 =13 > (nia—n%)

i=1 |A|=r,
ACA(0)

N
k k
= Z Z E(nilz‘h - 771(1211)(772‘2142 - 771(2212)

11,02=1 |A1|:‘A2|:7‘,

Al,AQCA(O)
k k
= Z Z (E(UhAl : nizAz) - E(n§11)41 ’ nz‘(gllz))
nFiz | AiNA2#0,|A1|=|Az|=r,
Al,AQCA(())
k k
+ Z Z (]E(%Al : nizAz) - E(nz'(lj)éll .772(21)42))
i17i2 | AiNA2=0,|A1|=|Az|=r,
Al,AQCA(O)

+ > <E(nm1 miag) — B} - nff@)

=1 A1¢A27|A1‘:|A2|:7”7

| AnLACA,
N
k
31 Y (B -EmR)?)
=1 Al=r,
_ILC'A(O)

= B1 + By + B3 + By.
First consider By. Let i1 # 19, Ay N As # () and j € A; N Ay. Then
Iigjeni g en,y = 0,
therefore K (7;, 4,7i,4,) = 0. So By <0.
Now turn to Bs. Now i1 = i9, A3 75 As. Ifje A]_\A2 orje AQ\Al,
then
Igiennyligen,y =0 ot Iigign, yigen,) =0

So E(ni, 4, - Miya,) = 0. Therefore we have B < 0.
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Now consider Bs. Let i1 # i3 and A; N Ay = (). It holds that

k k
E (15, 4, iz42) — B\ ) 1)

1 92 n—2r
-5 (%)

1 ( 1 >2k—(2r—|A<k)ﬂA1—A(k)ﬂAgD < 92 >n—k‘—A(k>ﬁA1|—|A(k)ﬂA2|

v T W N

n—2r 2k—2r+z n—k—x
(2 (1oL -2 .
N2r N N N

Here z = [A(y) N A1| + [Ag) N Az2|, so we have 0 < 2 < 2r,n — k. Now let
a = (1—%), b= (1—%). Then 0 < a < b < 1, moreover b*> —a = 1/N2.
First consider those terms from By in which z = 2r. It means that A1, Ay C
A(ry- The number of these terms is N(N — 1)(n — k)!/(r!r!(n — k — 2r)!).
The magnitude of these terms is

(008 0-))

n—k—2r(ak o bZk)

L k—2rg2(k—1) 1

1

(Above we applied the mean value theorem.) So the contribution of these
terms is not greater than

(n_ k)' 1 9 n—k—2r 1 2(k—1) 1
N(N-1 1-= (1-= — = By
( )r!r!(n —k—2r)| N N N Nz~ %

Now turn to the remaining terms of Bs, i.e. the terms with x < 2r. The
number of these terms is

n! (n—k)! 2rkn?r—1
N(N-1 — < N(N—-1)———— = Bag;.
( ) <r!r!(n 2r) rlrlin — k — 2r)!> = M ) rir! 221

(Above we applied the following fact. If 0 < b; < a; < ¢ and a; — b; <1
fori =1,2,...,s, then [[_; a; — [[;_; b; < slc*~!.) Using the mean value
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theorem, we obtain for the magnitudes of these terms that

1
n—2r _ 312k—2r4+x _n—k—x
‘NW (a b a )

_ ‘le Gk ((ak B b2k> L p2k <1 B (Z)QT_”>> ‘

1 s 1\*D 1
< - n T - - 2 _
< vt ((1 N> kN2+b (2r ;U)N_l

B 1 . 9 n—k—2r . 1 Q(k—l)k 1 . l 2k(2 ) 1
A TN N2t N) TP N

= B99s.

Therefore we have

By < Boy + Ba21Baoo

nQT 1 n+k—2r—2 nzr_l 1 n+k—2r—2 )
31 SN <1_N> b ey <1_N> K

n2r—1 1 n+k—2r - 1 n+k
+CN?"—1<1_N> k < ca®~ (1_1\7) k(a+1).

Finally, consider By. Let 11 = [{1,2,...,k} N Al =7 — [AN Ayy|. We
have

1 1 2(k—r1) 1 1 n—k—(r—ry)
~ N2z (1 - N> N (1 - N>

min{k,r}

1 1 n—r
_ T T—T1 -
-y Y o (NT (1 N)

ri=max{r—(n—k),0}
1 1 n+k—r—ry
TN <1 - N> )
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min{k,r}

B S T LI CHR g (R N g
B koonek T N N N
ri=max{r—(n—=k),0}
min{k,r}

Kot 1 1\"" 1 1\
< S _ _
SN Z ri! (r—ry)! N7 (1 N) (1 N <1 N) )

ri=max{r—(n—=k),0}

T _ n—r k—min{ry,k}
Kot ] 1 1 1
oy (YT (L Ly,
= r! (r—mr)! N7 N Nm N
Separating the term with ;1 = 0, then applying the mean value theorem,
we obtain

n" o1 1\ 1\"
T ()

(3.2) .
NG (RN o’ k L\""
<kal'(1-— — — 4+ N——(1-—=
= ( N> 7“21(”) r1!+ r!N( N>
1=
1\"" «
r—1
Now, inequalities (3.1) and (3.2) imply (2.5). O
4. Proofs of the limit theorems.
Proof of Theorem 2.2. Consider i.i.d. random variables n1,19,...,nNn
having Poisson distribution with parameter a. Let {(xy = m1 + -+ + NN
Consider also i.i.d. random variables n%r), ng), e ,n%) having the following
distribution

(o = 1) = Pl = U mi # 7).
Let C](\}") = ngr) + -+ 7]5\7,"). By Lemma 1 at page 60 of Kolchin et al. [12]

N—lP(C](\:)fl =n—Ir) _ FG

N
41) P N)=1)= L1 - —
(@1 Pl N) =0 = ()b = p) ¥ SR
say. On the domain T, as n, N — oo, we have @« — 0 and p,(a)) — 0.
Therefore, concerning F', we have

N _
(l)pfn(l _pr)N ! - (1 _pr)N
1(Npp)le=Nee e er

Taking logarithm, then applying Taylor’s expansion, we obtain
(1- pr)N
e_Np'r

—1 (as n, N — oo) uniformly in 7.



80 1. Fazekas, A. Chuprunov, J. Ttri

To handle G, we need the following result (Theorem 1 on p. 61 of Kolchin
et al. [12]). For r > 2, as m — o0, so that am — oo, we have

1 (t*’”w"r)2
IP) (T) = t = — 2mo‘% ]_ 1
(S == —5—e o (1+o(1)

uniformly with respect to % in any finite interval. Here
2
O I ey R B O B Y (R Gt SO
(673 771 1— Dr y g, 771 (1 7 pr)2 Dr o Dr

Therefore

1 (n—lr—(N—l)ar)2

st 2v-0oF (14 0(1)).

By straightforward calculations we obtain G ~ 1/4/27(N — l)a ~ 1/v/27n
uniformly in 7T'. Finally, turn to H. As (i has Poisson distribution, applying
the Stirling formula, we obtain

G=PCY, =n—1Ir)=

n 1
H=P(ny=n)= %e*” ~ Nor uniformly.

Substituting the asymptotic values of F, G, H into (4.1), we obtain (2.8). O

The proofs of our a.s. limit theorems are based on the following gen-
eral a.s. limit theorem for two-dimensional domains (see Theorem 2.1 of
Fazekas—Chuprunov [6]). Actually the theorem is a version of Theorem 1.1
in Fazekas-Rychlik [8]. Let {a1(k)} and {aa(k)} be given integer valued se-
quences with 1 < aj(k) < as(k) < oo, for k € N. Let (B, g) be a complete
separable metric space and let (x;, a1(k) < i < as(k), k € N be an array
of random elements in B. Let pc denote the distribution of the random
element (. Let log, x =logz, if z > 1 and log, x =0, if z < 1.

Theorem 4.1. Assume that there exist C > 0, ¢ > 0; an increasing se-
quence of positive numbers ¢, with lim,_,o ¢, = 00, ¢pt1/cn = O(1); and
B-valued random elements Clk]”, for ki l,j e N, k<, aj(k) <i < ag(k),
a1(l) < 7 < ag(l) such that the random elements (y; and Cll‘]” are independent
for k <l and for any i,j; and

(4.2) E{o(Gy, ¢ A1} < C (en/ar)” |

for k <1 and for any i,j, where § > 0. Let 0 < dy, < log(cgs1/ck), assume
that "2 | d, = 0o. Assume that

as(k

dp = Z d;

)
i=a (k)
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for each k, with nonnegative numbers dy;. Let Dy, = > _, di. Then for
any probability distribution p on the Borel o-algebra of B the following two
statements are equivalent

(4.3) —Z Z diO¢yi(w) = 1, as M — 00,
" k=1 i=ay (k)

for almost every w € Q);

n
(4.4) —Z Z diiftc,; = |, asn — oo.
" k=1i=a1 (k)

Remark 4.1. If condition (4.2) is valid only for 1 < kg < k < [, then
Theorem 4.1 remains valid.

Now we can turn to the proofs of the a.s. limit theorems.

Proof of Theorem 2.3. Let (xx = p,(k, K). For k < n let (" = ¢k +
E¢k, where ¢* is defined in (2.4). We show that (*K satisfies the conditions
of Theorem 4.1. Cﬁ ~ and (i are independent for k: < n. By Theorem 2.1,
we have

E (CnN - CTI%)Q < cok (%)r_l < Co% (ﬁ)r < CO% (A2)"

because (n, N) € T,,. Therefore dj, = c% is an appropriate choice for any

positive constant c. Let drpg = ﬁ for (k, K) with A\; < ﬁ < Ag.
Then
dk:zdld{: Z ! =~ " ()\2—)\1)}.
K2-Ur -1 k

(K 6/ 20) T <K< (e/0) 7T}

Therefore the above choice is possible. So, in Theorem 4.1, we can put

-Ya-3

k=1

(/\2 — /\1) 1 ()\2 — /\1) logn.

K

Now we remark that we can apply Theorem 2.2 because the domain in that
theorem is wider that the one in Theorem 2.3. According to Theorem 4.1,
we have to prove that

r—1 n 1
F= T(AQ_Al)IOgnZ > 1Pl K) =1)
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where 7 is defined in (2.9). It is easier to calculate F' in a wider domain and
then remove the surplus, that is

=2

(n) (n/A)™T K

Fe... ) SN Z B.

-1
{k:)\1<171/r§/\2} K=(n/A2)7 1

=

say, where N(n) = (n//\l)ﬁ.
Now consider the following approximations. Since @ = k/K — 0 if

k, K — 00, so that Ay < ﬁ < Mg, therefore e~ ~ €? = 1. So we have

o 1 (kN i 1 Eo\"
fpr = Hope :KH<K)€ ~a\xr)

Therefore we obtain

1 1 _
PN e

{k: <k <o)

1 1 1 E A\ 1 E O\’
s ) )

{k:Al<171/r<)‘2}
1 A2 r\ ! o
~ l/ (ﬁ) e dz.
I/ !
So we have
N(n)
1 11 1
A~ Ll L e K
Z1(A2 = A1) Inn Z K Z Kl—%( pr)'e
K=t (LIRS RS 1/ <A2}
1 1 /)\2 (.IT)I o
~ w0 — | e dx.
For B we have
1 n/>\1
0<B<
- clogn Z . Z
K=(n/X2)7=1

as n — 0o0. So the limit of F' is the same as the limit of A. It proves
(4.5). g

Proof of Theorem 2.4. Let r > 2 be fixed. Let (xx = S,(JI‘)( For k < n
let (MK = Ck/]D)SR[, where ¢F is defined in (2.4). We show that ¢*§ satisfies

the conditions of Theorem 4.1. Cffﬁ and (i are independent for k < n.
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As r > 2, by (2.3) and Remark 2.1, CNa"e™® < (]D)SX,)Q, where C' > 0.
Therefore, by Theorem 2.1, we have

2 k k
E N — kK < enm(ar T 1) <2
(CN CnN> _con(a + )_cn,

if (n, N) € T,, n. Therefore dj, = c% is an appropriate choice for any positive
constant c. Now let
1 1

log ae — log oy + %logk?'

1
d = —
RE =L

Then we have
1
{K o k<K <aok(1+2r)/(2r)}

So, in Theorem 4.1, we can put D,, = logn.
If n, N — o0, so that (n, N) € T,, n, then Np,(a) — c0. So we can apply
Theorem B. We obtain

1

d " =,

logn Z K g =
(ka)eTn,N

as n — 00. So we can apply Theorem 4.1. O

Proof of Theorem 2.5. For r = 0 our result is Theorem 2.4 of Fazekas
and Chuprunov [6]. Now let » > 1. Let (xx = S,(C?( For k < n let

R =k ]D)n &> where (% is defined in (2.4). We will show that (%% satisfies
the conditions of Theorem 4.1. (k and (px are independent for k < n.
By (2.3) and Remark 2.1, in the central domain CN < (]D)( ") )2, where C
depends only on a3 and as. Therefore, by Theorem 2.1, we have

2 k Co k Co(x2 k
E(Cn —CFE) <qp—m—— < 22 < =,
<<N C"N> _CO(D(T))2_CN_ C n

Therefore d, = c+ 7 is an appropriate choice for any positive constant c.
Moreover, as

1 1
—(logas —logay),

| =
M
N

the above choice is possible. So, in Theorem 4.1, we can put D,, = (log ag —
log 1) logn. By Theorem A,

1
r =Y,
(log ag — log a1)logn Z Z ki Msi 77
k<n {K a1< <a2}

as n — 0o. So we can apply Theorem 4.1. ]
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Proof of Theorem 2.6. Consider Qg) from Theorem 2.5 and Qg]z, Their
difference is

() — O () — 1 1
Qn’ (W) =@y (W)= lognZ > KOst

lo —lo
( &2 gal) kf”{K:K>N,a1§%§a2}

As the summands are probability measures, we can confine attention to the
weights. However, a direct calculation shows that

1
— <1 —1 2,
Z Z TR S c(log ag — log arq)

k<n {K:K>N,on<£<as}

Therefore, when for a fixed w we have Qg) (w) = v, as n — oo, then
Q%](w) =, asn, N = oo. O
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